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In this dissertation, | will review my researt on deweloping and validating novel
ways to model dendritic crystal growthj the formation of snov°ake-like patterns dur-
ing the solidi cation of crystalline substances. After giving a brief introduction to
the sharp-interface model and phase- eld model, | will discussthe following topics:
the universal dynamics of di®eren phase- eld models and the range of validity of
the asymptotic analysisof Karma and Rappel; the creation of an improved level set
method that is usedto solve the sharp-interface model and compute time-dependen
solidi cation microstructures; a review of two sidebranding medanisms and sug-
gestionson how to verify tip-oscillations by using di®erem models of solidi cation;
and an attempt to createan excient cell dynamical systemmodel to study universal

featuresof dendritic growth.
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Chapter 1

An iIntro duction to dendritic

crystal growth

1.1 What are dendrites?

Snav’akes are probably the most recognizedexamplesof dendrites the branching
tree-like crystals that form during the solidi cation of many crystalline materials.
Although the shapesof snav°akes(Fig. 1.1) [1] and ice dendrites are familiar, most
peopledon't know that snov°ake-like structures also form in substancesother than
water. Dendrites are the most commonly obsened solidi cation microstructures in
metals and alloys (Fig. 1.2) [2]. Non-metallic substances,sud as organic plastic
crystals (Fig. 1.3), also form dendrites when they freeze[3]. Dendrites even grow
during the solidi cation of things we don't usually think of as solids, suc as helium
(Fig. 1.4)[4] and xenon(Fig. 1.5) [5, 6]. The formation of dendritic microstructuresis

in fact ubiquitous and is the standard mode of solidi cation for crystalline materials.



Figure 1.1: An exampleof a dendritic snav°ake (Photo by P. Rasnussenand K.
Libbrecht).

Figure 1.2: A collection of dendritesin a nickel alloy (Photo by L. Boatner and S.
David).
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Figure 1.3: Dendrites madefrom succinonitrilej an organic plastic crystal [7].

Figure 1.4: A dendrite madefrom 3He [4].



Figure 1.5: Onebranch of a xenondendrite [6].



1.2 Free dendritic growth

Becauseadendritesplay a fundamertal role in the dynamicsof solidi cation, the study
of freedendritic growthj the growth of a singleisolateddendritic crystalj hasbeenan
active areaof researt in physicsand materials science.The standard experimertal
setup usedto study freedendritic growth is a chamber that is Tled with a pure liquid
and held in a heat bath [3]. The temperature of the heat bath is slovly lowered
to a desiredtemperature below the liquid's melting pointj the liquid is uniformly
supercooled or underooled. Solidi cation is started by introducing a solid seedinto
the certer of the chamber through a tube or stinger. The chamber is large enough
sothat its walls don't interact with the growing crystal. In a typical experimert, a
free dendrite grows from the initial solid seedwith primary branchesalong preferred
crystallographic directions. Eadh primary branch consistsof a main trunk decorated
with sidebrandes. The tip region of ead primary branch presenesits shape asiit
grows with a constart velocity alongits preferredcrystal axis.

The primary goalin studiesof free dendritic growth is to understandhow the tip
velocity and tip radius changeasa function of the undercaoling, which is the driving
forcefor the solidi cation process.Qualitativ ely, at small undercalingsthe dendritic
tips have large radii and grow slowvly. At higher undercaolings, the tips have smaller
radii and grow faster. Most importantly, for a given undercmling the tip speedand
tip radius are determineduniquely and are experimertally reproducible.

The pioneeringexperimerts on freedendritic growth wereperformedby Glicksman
and co-workers[3, 8]. They useda material called succinonitrile (SCN)j an organic
plastic crystal with a body-certered cubic structure. SCN (showvn in Fig. 1.3) was
chosenbecausets material propertiesare well characterized,the melting temperature
(about 58°C) is corveniert, and it's alsotransparert, which meart that the growing
crystal could be obsened directly with optical instruments. Thesemeasuremets of

SCNdendritesprovided the rst critical tests of the steady-statetheoriesof dendritic
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growth that were available at the time.

More recerily, Glicksman's group made another breakthrough by conducting a
seriesof dendritic growth experimerts aboard spaceshuttles in orbit [9{13]. These
experimerts were performedunder microgravity conditionsin order to eliminate the
gravity-induced corvective °uid °ows that are normally present in ground-basedex-
perimerts. Two di®eren test materials were usedfor these experimerts: SCN and
another organicplastic crystal, pivalic acid (PVA); afacecertered cubic crystal with
a higher surfaceenergy anisotropy than SCN. These microgravity experimerts cur-
rently provide the best data to test theories of dendritic growth which assumeonly

di®usiwe transport of heat.

1.3 Motiv ations for studying dendritic growth

1.3.1 Dendritic growth is a protot ype of pattern formation

Scierti ¢ interest in dendritic growth goesbeyond its fundamertal role in solidi ca-
tion. Dendritic growth is alsoone of the best studied examplesof pattern formation
[14, 15]. The realm of biology providesendlesexamplesof self-organizationand many
complexpatterns found in non-living systemsemergespontaneouslyfrom very simple,
almost homogeneousnitial conditions. There is currertly great interestin trying to
understandthe medanismsthat cortrol the growth of patterns in simple systemsin
order to (possibly) extract somedeepunderlying principles that govern pattern for-
mation in more complicatednon-equilibrium systems. Solidi cation patterns provide
arich variety of structuresthat sere asrelatively tractable but nontrivial prototypes
for the study of spontaneouspattern formation.

There has actually been some successn unifying dendritic growth with other
pattern forming systems. The medanismsthat cortrol dendritic growth are closely

related to the medanismsinvolved in pattern formation during multiphase °uid °ow



(Fig. 1.6) [16, 17]. Dendritic growth is also related to branching patterns found in
other di®usioncortrolled systems,sud asdi®usionlimited aggregation[18 electrade-

postion [18], and even bacterial colonies(Fig. 1.7) [19, 20].

1.3.2 Dendritic growth is relevant to materials science

There are alsopractical reasongor studying dendritic growthi solidi cation patterns
are of interest in the materials sciencecomnunity and are of great industrial impor-
tance [2, 8]. When a crystalline material solidi es, many tiny crystals nucleate from
the liquid phaseand grow to form dendrites(asin Fig. 1.2). Thesedendritescortinue
to grow until they impinge on one another to form the bulk solid. The completely
frozen material is a polycrystalline aggregate a solid composedof many crystalline
grainsthat are stuck together; and dendritic patterns are usually presen in the nal

grain structure.

The processdescribed above is preciselywhat happensduring the solidi cation of
metals during casting. Cast metal products consistof thousandsor millions of tiny
metallic dendrites. The size,shape and growth rate of thesedendrites have a direct
impact on the material properties of the nal cast product, such ashow soft or hard
the material is, or how vulnerable it is to corrosion, etc. Subsequenh processingof
cast materials can anneal someof the dendritic featuresin the microstructure, but
typically remnarts of the as-castmicrostructure still persist. Therefore, cortrolling
the dewelopmern of the initial dendritic microstructure is animportant goal. Soin the
cortext of materials sciencethe ultimate goal of researt: into solidi cation patterns
is to predict and cortrol the dendritic microstructure formation and, as result, the
material properties as a function of the processingconditions.

Unfortunately, our current understanding of solidi cation microstructuresis not
mature enoughfor the type of practical applications mertioned above. Furthermore,

many basicaspectsof freedendritic growth are still poorly understood. For example,



Figure 1.6: A Hele-Shav cell: glycerin is held betweentwo glass plates, one of
which is etched with a triangular lattice. Air is then forcedin betweenthe two plates
through a holein the certer of the top plate. [16].



Figure 1.7: Bacterial coloniesgrown on anisotropic substrates[19].



the origins of dendritic sidebranding have yet to be determined conclusiwely [21]
and recen experimerts suggestthat free dendrities may not actually read a true
steady-state[12, 13]. But there have beensigni cant dewelopmers in the past two
decadeghat haveincreasedur understandingof the medanismsthat cortrol pattern
selectionduring dendritic growth, and in the past decadeit hasbecomepossibleto do
fully dynamical modeling of dendritic growth on a computer. In this dissertation, |
will “rst focuson modelingthe mostbasicfeaturesof dendritic growth with phase- eld
models and the level set method. Then, motivated by e®ortsto make cortact with
the processesnvolvedin forming a polycrystalline solid, | will presen an attempt at

deweloping an excient cell dynamical schememodel of dendritic growth.

10



Chapter 2

The sharp-in terface model of

solidi cation

2.1 Mo deling the solidi cation of a pure material

The standard model for the solidi cation of a pure liquid is formulated as a moving-
boundary problem [22, 23], which is often called the sharp-irnterface model. The
two-dimensionalversion of the model is descriled here.

The situation we want to descrile is a solid that is growing from an undercwled
liquid. When the liquid changesto solid, latent heat is generatedat the interface
between the solid and liquid phases. This latent heat must be carried away from
the interface, otherwisethe solid will simply melt badk. Herewe will considerpurely
di®usiwe transport, so the rate of solidi cation is limited by the di®usionof latent
heat away from the solid-liquid interface. In this case,the temperature of the solid

and liquid simply obeysthe di®usionequation:

Q@

= Dr 2u (2.1)

The temperature T has been rescaledas a dimensionlessthermal eld u = (T j
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Tm)=(L=C;), where T,, L, and C, represemn the melting temperature, the latent
heat of fusion, and the speci ¢ heat at constart pressure respectively. The thermal
di®usivity, D, can be di®erert in the solid and liquid phases.

There are alsotwo boundary conditions at the solid-liquid interface. The rst is
a condition for energyconsenation at the interface:

Vo= (Dheru),,, i (DNhCru) (2.2)

Liq uid

V, is the velcocity of the interface normal to the phaseboundary and A is the unit
normal vector at the boundary that points away from the solid and into the liquid.
Equation (2.2) simply says that the interface velocity is proportional to the discorti-
nuity in the heat °ux acrossthe boundary.

The secondboundary condition prescribesthe temperature at the interface, and

hasthe following form in two dimensions:

Ui =i d- i (WVa (2.3)

Equation (2.3) is known asthe Gibbs-Thomsoncondition and describesthe deviation
of the interface temperature, u;, from the equilibrium temperature due to the local
curvature, -, and interfacekinetics. d(l) = ° (W) Tm Cp=L2 is the anisotropic capillary
length, which is proportional to the surfacetension °(l). (W) is the anisotropic
kinetic coexcient. W is the angle betweenthe local normal vector at the interface
and some prescribed crystallographic axis. Traditionally, the expressions (M) =
o1+ 2cos4y) and d() = do(1j 122 cos4y) are usedfor a systemwith fourfold
symmetry, where? is a measureof the anisotropy strength.
The driving force for solidi cation is the far- eld undercwling, ¢ = (T j

T1 )=(L=C,), where T, is the temperature far ahead of the solidi cation front in

12



the liquid. The undercmling, alongwith Egs. (2.1)-(2.3), completely specify a model

for the dendritic growth of a pure substance.

2.2 Steady-state solutions of the sharp-in terface
model: microscopic solvabilit y theory

For free dendritic growth, we would like to answer to this question: for a given
undercoling, what is the steady-state shape and speed for the tip of a dendrite?
Equations (2.1)-(2.3) have beenstudied extensiwely to determine these steady-state
features of dendritic growth [17, 23]. The standard approad to the steady-state
problemis to rewrite Egs. (2.1)-(2.3) in a moving referenceframe that follows the tip
of the dendrite and then reformulate theseequationsasa singleintegral equationusing
the Green'sfunction method. This integral equation approat has beenexploredin
various ways, both analytically [24{27] and numerically [28{30]. There is a discrete
family of solutionsto the steady-stateproblem and only the fastest growing of this
set of solutionsis stable. This solution is the dynamically selected\op erating state”
for the dendrite and corresppndsto a unique tip shape and velocity. Furthermore,
the existenceof a solution requiresthe presenceof anisotropy in either the capillary
length or kinetic coexcient. This body of work is generally known as microscopic

sohability theory.

2.3 Numerical simulations of the sharp-in terface
model are dixcult

Although progresshas beenmadein understandingthe medanismsthat determine
the steady-statefeaturesof dendritic growth, there are also many interesting time-

dependert phenomenathat occur during solidi cation. Unfortunately, the direct

13



solution of Egs. (2.1)-(2.3) isn't easy the temperature eld follows a simple di®u-
sion equation but there are boundary conditions at the moving solid-liquid interface
that depend on the curvature and velocity of the interface itself. Many numerical
approates[31{34] have beendeweloped to solwe the sharp-interface model in order
to do fully dynamical simulations of dendritic growth. Front tracking and lattice
deformation are usually requiredin orderto cortain the moving phase-tmundary, and
imposingthe boundary conditions at the solid-liquid interface can be dixcult dueto
the complicated shapesthat normally dewelop in the solidi cation front. In general,
the methods deeloped to tackle the sharp-interface model are alsonumerically noisy;
have ditcult y with handling topology changessud as the merging and breaking of

surfaces,and are usually not easily extendedto higher dimensions.
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Chapter 3

The phase- eld model of

solidi cation

3.1 Intro duction to the phase- eld model

In order to avoid the computational ditculties assaiated with tracking a sharp in-
terface,the phase- eldmodel of solidi cation hasbeendewelopedand is currertly the
most popular techniquefor simulating dendritic growth. The phase- eldmodel avoids
front tracking by introducing an auxiliary order parameter,or phase-eld,A(r; t) that
couplesto the ewlution of the thermal eld. The phase- eld interpolates between
the solid and liquid phasesattaining a di®erert constart valuein eath phase(usually
§ 1), with a rapid transition region in the vicinity of the solidi cation front. The
dynamics of A(r;t) are designedto follow the ewlving solidi cation front, which is
de ned by the zerolevel set A(r;t) = 0[35{41]. The location of the interface and the
boundary conditions that are requiredin the sharp-interface model are taken care of
implicitly by the equation of motion for A(r;t). Becausethe interface is never ex-
plicitly tracked, complicatedtopology changesare handled easily Furthermore, the
extensionof the phase- eldmodel to higher dimensionsis straightforward.

There are two dynamical variablesin the phase- eldmodel; the order parameter

15



A(r;t) and the thermal “eld u(r;t), which is de ned in the sameway asin the sharp-

interface model. The equation of motion for A(r;t) is chosento be

@\ +F
— = — A
‘@l A (3.1)
whereF is a phenomenologicafree energyfunctional:
z "WZ #
F= dv 7jr AZ+ (A + ug (A (3.2)
The order parameter varies from A = +1 in the solid to A = j 1 in the liquid.

The solid-liquid interface is de ned by A = 0. The function f (A) hasthe form of

a double-well potertial cortrols the coupling betweenu and A and the relative

height of the two minima in the double well potertial is determinedby u and g(A).
For computational purposes,g(A) is chosensud that the minima of the double well
potential are xed at A= §1. ¢ is a time characterizing atomic movemeri in the
solid-liquid interfaceand W is a length characterizingthe width of the interface. After

taking the functional derivative of Eq. (3.2), the equation of motion for A becomes

‘g W?2r 2Aj fA(A) i ,uga(A) (3.3)
wheref 4(A) = @f (A) and ga(A) = @9(A)
The equationfor the thermal eld is a di®usionequationwith a sourceterm that

dependson changesin the function h(A), which accourns for the liberation of latent

heat at the interface:

, 1@A

Dr 2u
2 @

% = (3.4)
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Equations(3.3)-(3.4) arethe form of the phase- eldmodel whenthe surfaceenergy
is isotropic. But in general,the factors ¢ and W are anisotropic. Anisotropy can be
introducedinto the phase- eld model by substituting W(R) = W,A(R) and ¢(R) =
&HA2(R) into Egs. (3.1) and (3.2). A(R) is given by

. , #
2 (AN (Ay?
1i 3 jr A*

AR)=(1j 3?) 1+ (3.5)
with A(r) 2 [0;1]. Ax and A, represen partial derivativeswith respectto x andy,
and the vector n = (AR + A 9)=(A2 + A2)**? is the normal to the cortours of A
The constart 2 parameterizeshe deviation of W (/) from W, and is a measureof the

anisotropy strength. The phase- eld equationsthat include anisotropy are given by

A = T WA AT TaA) i uga) (3.6)
A !
@ . o @v(n)
+ @Ajr AW (r) @, |
@ . o @v(n)
+ a AW (R) @,
% = Dr 2u+ %—@I(éA) (3.7)

3.2 Asymptotic analysis of the phase-eld model

The goal of using the phase- eld model is to reproduce the dynamics of the sharp-
interface model without having to dealwith the numerical hazardsof front tracking.
It seemdike there's a problem though: the phase- eld model looks nothing like the
sharp-interface model. The sharp-inerface model consistsof a di®usion equation
plus two boundary conditions at a sharply de ned solid-liquid interface. The phase-

“eld model has a di®usionequation for the temperature, but there's a sourceterm

17



that couplesit to the equationfor the order parametel; that's two equationsand no
boundary conditions at the interface, which is di®use. How are these two models
related to ead other?

The proper use of the phase-malels requiresan asymptotic analysisin order to
obtain a mapping betweenthe phenomenologicaparametersof the phase- eldequa-
tions and the physical parametersin the sharp-interface equations. Langer [22] was
the rst to considerthe sharp-interfacemodel asa limiting caseof a phase- eldmodel.
Caginalpand Chen[42] shonvedrigorously that the phase- eldmodel corvergesto the
sharpinterface equationswhenthe interfacewidth is much smaler than the capillary
length.

Kobayashi [40] was the rst to perform large scalesimulations of a phase- eld
model that demonstrated qualitativ ely correct dendritic growth patterns. Wheeler
et al. [43] and later Wang and Selerka [44] did quartitativ e studiesto test the con-
vergenceof the phase- eld model to the sharp-interface model and found a serious
limitation j the computational grid spacingmust be small enoughto resole the in-
terface region which is ordersof magnitude smallerthan any physical length scalein
the problem. Thus, computations on a uniform grid are largely impractical in this
limit.

Recerily, a signi cant step forward was taken by Karma and Rappel [45, 46],
who not only shaved how to accurately compute two dimensionaldendritic growth
but were also able to comparetheir results with the predictions of sohability the-
ory. Karma and Rappel deweloped an improved asymptotic analysisin the limit
wherethe interfacewidth is much smallerthan the di®usion length, which is a much
more tractable regime computationally. In this limit, Egs. (3.6) and (3.7) reduceto
Egs. (2.1)-(2.3) where the relationship betweenthe sharp-irterface and phase- eld

parametersis given by

18



do = au—
= i ya,—
°Tw,, D

(3.8)

(3.9)

The positive constarts a; and a, depend on the exact form of the functions f 4(A),

ga(A), h(A) usedin the phase-eld equations. In order to satisfy the restrictions of

the asymptotic analysis,f 4(A) and h(A) must be odd functions of A and gs(A) must

be an even function of A. a; and a, are given by

I
a1=3
0 = K+ JF
27
where
4

F= d @nhA)+1)

0

y1
| = d (@A)?
il
g1
J=  d @AG(A)
il
71 ] ) Z )
K= d @Aga(A) d °h(A)

il 0

and A, is the solution of the equation

19
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(3.12)

(3.13)

(3.14)

(3.15)



@Asi fa(A)=0 (3.16)

It's often more usefulto invert Egs. (3.8) and (3.9) to get expressiondor , and

=g (3.17)

(3.18)

In choosingto simulate particular material characteristics,we x the experimertally
measurablequartities d,, ,, and D, leaving W, as a free parameter which then

determines, and ¢.
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Chapter 4

Univ ersal dynamics of phase- eld

mo dels

4.1 Are some phase- eld models better than oth-
ers?

The phase- eld method has gained acceptanceas a useful way to study solidi ca-

tion problems,but there was somedebate over the interpretation and validity of the

phase- eldmodelsthemseles. Speci cally, the cortroversy was over whether certain

phase- eld models were better than others at reproducing the dynamics of the free
boundary problem. Each model includesa double-well potertial eld which enforces
the properties of the phase- eld. Somemaodels can be shown rigorously to satisfy
an ertropy inequality [47, 48 and someresearters claimed that these\thermo dy-

namically consistet” models were necessaryin order to get the right dynamics. On

the other hand, it hasbeenarguedthat the preciseform of the phase- eld equations
should be irrelevant as long as the computations are performed in the asymptotic

limit wherethe phase- eld model corvergesto the sharp-interface model [22].

In the phase- eldformulation of solidi cation, a mathematically sharp solid-liquid
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interfaceis smearedout or regularizedand treated asa boundary layer, with its own
eqguation of motion. In fact, there are many ways to prescribe a smoothing and dy-
namics of a sharp interface consisten with the original sharp-interface model. So
there is no unique phase- eld model, but rather a family of related models. From
the renormalization group perspective, phase- eld models are simply phenomeno-
logical microscopicdescriptions of the macroscopicmodel we are interestedinj the
sharp-irterface model of solidi cation. Taking the limit of a small interface width
for a phase- eld model can be viewed as a type of coarse-grainingprocedurewhere
the details on the scaleof the interface width becomeinsigni cant comparedto the

macroscaleof the problem.

Sharp-Interface Model

Macroscopic
Model

Microscopic
Model3

Microscopic
Modell

Microscopic
Model2

Matched Asymptotics
Renormalization Group

Phase-Field Models

Figure 4.1: Many di®erem microscopicmodels can have the samemacroscopicdy-
namics. The relationship betweenthe sharp-irterface model and di®eren phase- eld
models can be understood through a matched asymptotic analysis,which can be in-
terpreted as a coarsegraining procedurein the context of the renormalization group.

4.2 Comparing di®erent phase- eld models

In this chapter, | will presen a study that | carried out in collaboration with Nikolas
Provatas, Nigel Goldenfeld,and Jonathan Dantzig in order to comparethe dynamics
of seweral di®eren phase- eldmodels[49. Prior to our work, a similar study wasdone

for one-dimensionaphase- eldmodels by Fabbri and Voller [50], but they didn't in-
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vestigatethe caseof multi-dimensional dendritic growth. We performedaccurateand
extensive computations using a specially deweloped adaptive meshre nemert algo-
rithm [51, 52]. Wefoundthat whenproperly used,all phase- eldmodelsgive precisely
equivalert results; not only doesead phase- eldmodel corvergeto the steady-state
predicted by sohability theory, but alsothe transient dynamicsapproad the steady-
state uniquely. Indeed, onceone has establishedthat there is geruine universal dy-
namic behavior, the only remaining considerationis the computational exciency. Our
results clearly indicated that the CPU times required for the di®eret models were
identical. In particular, we found no advantage for the thermodynamically consisten

model.

4.3 Range of validit y for phase- eld asymptotics

A secondarypurposeof this work wasto explorethe limit of the validity of phase- eld
models in describingthe sharp-interface problem. In the cortext of the asymptotic
analysisof Karma and Rappel [45, 46], the ratio of the interfacewidth to the di®usion
length (referred to as the interface P§clet number, IPe) must be small in order for
the di®eren phase- eldmodelsto collapseto idertical sharp-interface problems. We
shaved how nite-IP e discrepanciesencouriered between di®eren models can be
eliminated by adjusting the phase- eld parametersand alsoemphasizedhat IPeis a
free parameterand can be varied for numerical convenienceby changingthe interface

width [53.
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4.4 The contestants: v e di®erent
phase- eld models

The di®eren phase- eld models we studied are summarizedin Table 4.1. We used
the results of Karma and Rappel's asymptotic analysis, Egs. (3.10)-(3.16),to map
ead phase- eld model onto the sharp-interface model. Model 1 is a form used by
Almgren [54], Model 2 is a form used by Karma and Rappel [45, and Model 5 is
the thermodynamically consistet form usedby Wang et al. [48. Models3 and 4 are
forms createdby usthat meetthe above requiremerts. It shouldbe noted that Model

1 requiresthat , < 1=¢ otherwisethe A= j 1 state becomedinearly unstable.

Table 4.1: Summary of phase- eld models studied.

Model f4(A) ga(A) h(A) a a,
1 Ay A 1) A A P e
2 AN A 1 A A 75 21
3 A A 1 A3 A 1:0312 0:52082
4 N A 1 A A 1:1601 0:45448
5 AR A (1 A2 B(A; 28+ LA B 0:39809

4.5 Details of the simulations

We computedfour-fold symmetric dendritesin a quarter-in nite spaceusinga nite-
elemen adaptive grid method reported in Refs.[51, 52]. Solidi cation isinitiated by a
small quarter disk of radius R, certered at the origin. The order parameteris initially
setto its equilibrium value A,(%) = i tanh((jxj i Ro):IO 2) along the interface. The
initial temperature is u = 0 in the solid and deca/s exponertially from u = 0 at the

interfacetou=j ¢ asx! 1 ,where¢ isthe far- eld undercoling.
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In our simulations, the computational domainis an L £ L squarebox. Compu-
tations were performedat ¢ = 0:65, 0:55, and 0:45. A summary of the parameters
usedfor ead simulation is givenin Table 4.2, whereV = Vd,=D is the dimensionless
tip velocity predicted by sohability theory!, ¢ x is the minimum grid spacingof our
mesh[51, 52],and ¢ t is the simulation time step. The phase- eld parameters, and
éo Werechosenfor eaty model by using Egs. (3.17) and (3.18) sothat all of the phase-
“eld models simulated the samesharp-irterface model. For all simulations, 2 = 0:05,

o=0,and W, = 1.

Table 4.2: Summary of simulation parameters.
¢ L Ro ¢x ¢t D d \v IPe

0.45 1000 17 0.244 0.010 3 0.5 0.00545 0.011
0.55 800 15 0.39 0.016 0.5 0.0170 0.034

0.65 800 15 0.39 0.016 0.5 0.0469 0.094

N DN

0.65 800 15 0.39 0.004 1.5 0.0469 0.031

4.6 Results

Figure 4.2 shows the dimensionlesgip velocity of the dendrite versustime for the
simulations performedat ¢ = 0:55and 0:45. Theseresultsshow that all of the phase-
“eld modelsstudied produceidentical resultsfor the ertire temporal ewolution of the
dendrite and also convergeto steady-statesolutionsthat are within a few percert of
those predicted by sohability theory. In addition, the CPU times required for eath
of the modelswereidertical.

At ¢ = 0:65(with d, = 0:5), howeer, there are signi cant quartitativ e di®erences

between the various phase- eld models, as shovn in Fig. 4.3. This discrepancyis

1Thesevalueswere calculated with a code provided to us by Wouter-Jan Rappel.
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Figure 4.2: Time ewlution of the dimensionlesgip velocity for v e di®eren phase-
“eld modelsat ¢ = 0:55and 0:45. Each curve consistsof v e solutions superimposed
on one another.
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Figure 4.3: Time ewlution of the dimensionlesstip velocity for ve phase- eld

models at ¢ = 0:65 with d, = 0:5 and IPe= 0:094. When IPe is too large the

di®eren modelsdo not exhibit universalbehavior.
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attributed to nite-IP e correctionsat higher order in the asymptotic expansion. Note
in Table 4.2 that for this simulation, IPe = 0:094 and is no longer small. The
deviations are a signal that the solutions have not corverged as a function of the
expansion parameter and that the phase- eld equations are not operating within
the sharp-irterface limit. It should be possibleto make these higher order terms
negligibleif onemakesIPe smaller. Figure 4.3alsoshavsthat ead model hasdi®erert
cornvergenceproperties. Howewer, in other simulations we have found that no single
model consistertlly corvergesmorerapidly than the others;in general,the corvergence
appearsto depend on the initial conditions.

To test the hypothesisthat the di®erencesbetween the phase- eld models at
¢ = 0:65is dueto IPe becomingtoo large, we performed another simulation with
do = 1:5. This was motivated by the expressionlPe = W,V=D = W,V =d,, so that
increasingd, reduceslPe. We note that d, is not a free parameter, and thus this
new simulation represets a di®eren physical system. The purposeof this simulation
is simply to demonstratethe importance of IPe in the computations. The results,
shawn in Fig. 4.4, con rm that universalbehavior of the di®eren modelsis recovered
for this case.

We demonstratedthat one can obtain identical results from di®eren phase- eld
models by choosing the expansionparameter IPe to be suzciently small. Unfortu-
nately, in practice, the interface width is the only parameter that can be usedto
cortrol the size of IPe, sinceV is xed for a given ¢ and 2, and d, is set by the
particular material to be simulated. Thus, there is only the one free parameter, W,,
that canbe adjustedto make IPe smaller. This restriction can hinder computational
exciency, asthe number of grid points necessaryto resole the interface (and thus
the simulation time) scalesas1=W? on an adaptive grid, and as1=W_ on a xed grid.
In addition, with zerointerface kinetics, ¢, » W2 which placesa restriction on the

computational time stepif an explicit schemeis used. For the simulation at ¢ = 0:65
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with d, = 0:5, an IPe = 0:031 could be obtained by reducing W, by a factor of 3,
but this would require an impractical amourt of computing time. We note that the
asymptotics of Karma and Rappel becomemost accurateat lower undercolings[51],
which is alsoan experimertally relevant regime. At low ¢, ¥ » ¢ 4, allowing the use
of larger valuesfor W,=d,. Simulations at low ¢ require larger systemsizes. This,
howewer, addsvery little computational complexity for adaptive meshbasedcodes.
We can extend the range of validity for these phase- eld models by carrying out
the asymptotic analysis further so that nite-IP e corrections are pushedto higher
orders. This will lessenthe restrictions on the interface width, thus rendering the
phase- eld approad computationally more excient. There appearsto be a general
trend that asonegoesto higher ordersin the asymptotic expansion,more constrains
are required on the functions f 4(A), ga(A), and h(A) in order to getrid of correction
terms inconsisten with the sharp-interface model. These constrairts can causethe
phase- eld to have solutions that are not monotonic in the interfacial region, thus

requiring higher grid resolution and computation time [54].
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Chapter 5

The level set metho d

5.1 Limitations of phase-eld modeling

Phase- eldmodelshave beenvery usefulin studying solidi cation patterns, but there
are still somelimitations in the approad. The proper use of these models requires
an asymptotic analysisin order to obtain a mapping betweenthe parametersof the
phase- eld equationsand the sharp-interface equations[22, 42, 45, 46]. The asymp-
totics involve expandingthe phase- eld equationsin somesmall parameter propor-
tional to the interfacewidth, W, and asaresult, the phase- eldmodel only reproduces
the dynamics of the sharp-interface equationsin the limit where the expansionpa-
rameteris suxciently small. Computationally, the grid spacingmust be small enough
to resole the width of the interface, which is on the order of W. This restriction
is generally not a problem for the symmetric model of solidi cation (where the dif-
fusivities in the solid and liquid phasesare assumedto be the same)becauseit is
possibleto have W on the order of the capillary length [45, 46]. Howewer, phase- eld
asymptotics for the caseof unequal di®usivities can be problematic [54]; correction
termsthat areinconsisten with the sharp-irnterfaceequationsare generatedand non-
monotonic behavior is required in the interfacial region, which requires extra grid

resolution and henceslover computational performance. The generalizationof the
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phase- eld approad to handle discortinuous material properties requires a better
understandingof the mapping betweenthe phase- eldmodel and the sharp-interface
model in order to avoid problemswith properly resolvingthe interface. Progressin
this direction wasrecerly madeby Karma [55 who claimsto have resolved most of

theseditculties in a phase- eldmodel of alloy solidi cation.

5.2 The level set metho d: return of the sharp-
interface model

Oneway to avoid the limitations of the phase- eldtechniqueis to return to the prob-
lem of solving the sharp-interface model. The level set method is a computational
approad that can be usedto solwe the sharp-interface model without the usual nu-
merical dixculties of front tracking mentioned in section 2.3. First introduced by
Osherand Sethian [56], the level set method is conceptually similar to a phase- eld
model in that the solid-liquid interface is represered as the zero contour of a level
set function, A(r;t), which hasits own equation of motion. The movemert of the
interfaceis taken care of implicitly through an advection equation for A(r;t). Thus,
topology changesand the extensionof the method to higher dimensionscan be han-
dled in a straightforward manner. Unlike the phase- eld model, howeer, there is
no arbitrary interface width introducedin the level set methodj only the physically
relevant length scalesneedto be resohed. Furthermore, becausethe sharp-interface
equationsare solved directly, no asymptoticsare requiredto understandthe meaning
of the model parameters. Discortinuous material properties can alsobe dealt with in
a simple manner.

The level set method has been applied to seweral problems involving moving
boundaries[57%59], including solidi cation. Prior work on dendritic growth includes

an application of the method to a boundary integral formulation [60] aswell asthe di-
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rect solution of the sharp-interfaceequations[61]. While thesesimulations reproduced
the qualitativ e featuresof dendrites,aswell assomequartitativ ely accuratesolutions
to exactly soluble problems, someof the simulations of anisotropic dendritic growth
were not cornverged [61] and the data for the tip speedand radius were extremely
noisy. Furthermore, the results were not comparedwith theoretical predictions of
dendritic growth.

In this chapter, | will demonstratethat a version of the level set method with
an improved velocity extensionalgorithm (described in section 5.3.1 below) can be
usedto solve the sharp-interface model of solidi cation to calculate quartitativ ely
accurate solutions for dendritic growth [62]. This work was done in collaboration
with Nigel Goldenfeldand Jonathan Dantzig. | will presen results from simulations
in two dimensionsand show that the solutions corvergeto the steady-statepredicted
by microscopicsohability theory. Time-dependert results are also comparedwith
calculations using a phase- eld model and good agreemen is found for all times.
Furthermore, we perform simulations with unequal di®usivities and nd that the

prediction of Barbieri and Langer [63] providesa fair quartitativ e t to our results.

5.3 The level set algorithm

We wart to solve the sharp-irterface model de ned by Egs. (2.1)-(2.3) by using the
level setmethod. Herewe will neglectkinetic e®ectaandset (U) = 0 and assumehat
the capillary length hasthe form d(p) = do(1j 1% cos4y), where? is the anisotropy
strength and p is the angle betweenthe local normal vector at the interface, n, and
the x-axis.

We solwe the sharp-interface model by using a level set algorithm which involves
the following steps: i) advancingthe interface,ii) reinitializing the level set function

to be a signed distance function, and iii) solving for the new thermal eld. The
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generallevel set method is descrited belonv. We wish to note that in our simulations
we implemernt a localized level set method, descriked in detail in Ref. [64], in which

calculationsof A are performedonly in a narrow region around the interface.

5.3.1 Adv ancing the interface

The level set function is de ned as the signednormal distance from the solid-liquid
interface sud that A is positive in the liquid phase,negative in the solid phase,and

zeroat the interface. A satis esthe pure advection equation

~

C?;+ Fir Aj= 0 (5.1)

Integrating Eq. (5.1) for onetimestep results in moving the cortours of A along the
directions normal to the interface accordingto the velocity eld F, which variesin
space. F is constructedto be an extensionof the interface velocity, V,, sud that
F = V, for points on the interface and the lines of constart F are normal to the
interface. Thus, advecting A accordingto Eq. (5.1) movesthe front with the correct
velocity.

Rather than usinga partial di®eretial equationto generateF (asin Refs.[61, 64)]),
we construct F in the following manner: A represetts the normal distance from the
solidi cation front, sothe value of A at ead gridpoint on the computational lattice
can be usedto locate a particular point on the interface. If x4 is the location of
the gridpoint, the asseiated point on the interfaceis at x; = %4 | An, where the
normal vector A = r A5r Aj. The temperature at %; is then calculated by using
Eq. (2.3); pis easily found from n, and the curvature, - = r ¢n, is interpolated at
x; from valuesof - at neighboring gridpoints. 1 and - are calculated using standard,
certered nite di®erenceapproximations to the partial derivativesof A. Next, values

of u are interpolated in both the liquid and solid phasesa distance ¢ x (the size of
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the grid spacing) away from x; along the normal direction. Thesetwo interpolated
temperatures are used along with u; to appraximate the di®erencein the normal
derivative of u at %; and thus nd V, from Eq. (2.2). Becausex; and x4 lie in the
sameline normal to the interface, the value of F at x4 is simply V,,. The eld F can
be determinedat all gridpoints in this way. This method of calculating the velocity is
much more accurateand numerically stable than the corvertional partial di®erenial
equation approad.

After F is known, the interface can be advancedone timestep. For stability, we
discretize Eq. (5.1) using a 5th order WENO (weighted essetially non-oscillatory)
sthemein spaceand a 3rd order Runge-Kutta schemein time [65. Howewer, the

overall accuracyof our algorithm is secondorder in spaceand rst orderin time.

5.3.2 Reinitialization

After solving Eq. (5.1) for onetimestep, the level set function will no longerbe equal
to the distanceaway from the interface. It is necessaryo reinitialize A to be a signed

distancefunction 1. This stepis accomplishedby solving

% + S(A)[jr Aji 1]1=0 (5.2)

to steady state. S(A) takeson the value +1 in the liquid phase,j 1 in the solid
phase,and is zeroat the interface. We typically iterate Eqg. (5.2) three times in order
to obtain an accurate distance function. Like Eq. (5.1), this equation is discretized
using a 5th order WENO stemein spaceand a 3rd order Runge-Kutta schemein

time [65].

1A variation of the level set method was recertly dewveloped by Yokoi [66] which is speci cally

designedto avoid the error that propagatesin the level set method during reinitialization.
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5.3.3 Solving for the new thermal eld

The thermal eld is updated by solving Eq. (2.1) using a modi ed Crank-Nicolson
stheme. Di®eren di®usivitiesin the two phasescan be taken into accoun by simply
noting the sign of the level set function and using the appropriate di®usioncoezcient
in the nite di®erencestencil. Special care hasto be taken for gridpoints near the
interface. If jAj - ¢ x, the level set function is usedto determine whether the front
intersectsthe stencil and, if so, interpolate where the interface crossesthe stencil.
The stencil is then modi ed to take into accourt the location of the interfaceand the

Gibbs-Thomsoncondition, Eq. (2.3).

5.4 Results

We compute four-fold symmetric dendritesin a L £ L squarebox using the level
set method described above. Solidi cation is initiated by a small quarter disk of
radius R, in the lower left-hand corner of the box. The initial level set function is
A(x;y) = P xZ+y2i R,, wherex andy are the usual Cartesian coordinates. The
initial temperature is u = 0 in the solid and deca/s exponertially away from the
interfacetou=j ¢ asx! 1 ,where¢ isthe far- eld undercoling.

Recen calculationsof dendritic growth using phase- eld models have beenfound
to bein good agreemenwith the predictionsof microscopicsohability theory [45, 51].
We obsene similar agreemenh with the use of the level set algorithm and obtain
resultsthat are within a few percer of theoretical predictions. Figure 5.1 shows the
tip velocity of the dendrite versustime for computationsat undercwlingsof ¢ = 0:65
and 0:55. For all of thesesimulationsD = 1,d, = 0.5, = 0, R, = 15,and 2 = 0:05.
For the ¢ = 0:65 simulation, L = 200, ¢ x = 0:2, and the timestep is chosento be
¢t = 0:002. For the ¢ = 0:55 simulation, L = 800,¢ x = 0:4, and ¢t = 0:008. To

ensuregrid corvergence,t x and ¢ t werere ned until the steady-statetip velocity
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did not vary by more than 2%.

We also compareour level set results with simulations of dendritic growth per-
formed using a phase- eld model. Although calculations using phase- eld models
have been comparedwith a steady-state theory, there have been no comparisons
made betweentime-dependern phase- eld calculationsand time-dependen solutions
of the sharp-interface model for multi-dimensional dendritic growth. The phase- eld
model calculations presenied here were performed using a special adaptive meshal-
gorithm, as descrited in Ref. [51, 52]. The tip velocity data from the phase- eld
model and level set method at ¢ = 0:55 are in excellen agreemeh with ead other
(within 3%), asshown in Fig. 5.1. Similar agreemen is found in the dendritic shapes
for thesesimulations, presened at time=9400 in Fig. 5.2. Thesecomparative results,
combined with the demonstrationof the equivalenceof various phase- eldmodels (as
descriked in Chapter 4 and [49]) provide an excellett foundation for the validity of
the phase- eldapproad in simulating solidi cation microstructures.

The results preserted heresofar have usedDs = D, whereDs and D are the
di®usivitiesin the solid and liquid phasesrespectively. With our level setalgorithm,
we can also investigate the more general casewhere the di®usivities are unequal.
We performed additional simulations at ¢ = 0:65 with Dg = 0:75;0:5;0:25 and O
while keepingD, = 1. The only available bendimark for the caseof non-symmetric

di®usionis the linearizedsohability theory of Barbieri and Langer[63], which predicts

1+ DS:DL

18\ Y, >

(Y8V) (5.3)

Dg=D =1

where%and V are the steady-statetip radius and velocity, respectively. The values
of %2V obtained from the level set simulations are comparedwith Eq. (5.3) in Fig.
5.3. The 't is surprisingly good (an error of about 13%at Ds=D, = 0), considering

Eq. (5.3) was obtained from a linearizedtheory in the limit of small undercmlings.

37



02 T T T T T

018" G—O Level Set Method D=0.65 |
0.16 ----  Solvability D = 0.65 —
014 G—& Level Set Method D=0.55 |
. &— Phase Field Model D =0.55 -
F e 1 N —— - Solvability D = 0.55 N
g -
o 01 _
| o et e e B i i = e it .
0.08 _
0.06 —
O e —— =
1 I 1 I 1 I 1 I 1
0.02 1000 2000 3000 4000 5000
Time

Figure 5.1. Time ewlution of the tip velocity for simulations at ¢ = 0:65and 0:55.
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Theseresultsshaw that the level setmethod shouldbe consideredasa viable alter-
native to the useof phase- eldmodels. We have usedan improved level setalgorithm
that can produce accurate calculations of dendritic growth which can be compared
favorably with sohability theory aswell astime-dependen phase- eld model simula-
tions. The level set method can also handle discortinuous material properties easily
which is currertly very ditcult with the phase- eld approad. Howewer, we should
note that our implemertation is not at all excient. The practical application of this
method to more realistic systemswill require somesort of adaptive technique, and
adaptive level set techniquesare currently being pursuedby others [67/471]. In the
future, it would be worthwhile to dewelop more computationally excient implemen-
tations of this algorithm using adaptive meshre nement and apply thesemethods to
problemsin directional solidi cation, wherethe ability to simulate unequal di®usivi-

ties is of great interest.
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Chapter 6

Sidebranc hes: thermal noise and

tip oscillations

6.1 Where do sidebranc hes come from?

In the previous chapters, it was shavn how the phase- eld model and the level set
method can be usedto do time-dependen simulations of dendritic growth. But the
dendrites from these simulations are lacking one important time-dependen feature
found on real dendrites: sidebrantes. The primary brancheson the simulated den-
drites shavn in Fig. 5.2 aswell asthe steady-statesolutions predicted by sohability
theory correspnd to what are called neadle crystalsj smaoth trunks that don't have
any sidebrantes. Experimertally, however, sidebranding always occursduring den-
dritic growth and needlecrystals are never obsened [8, 72], with the possibleexcep-
tion of 3He dendrites(Fig. 1.4), which show very weak sidebranding [4]. Apparertly,
the formulations of the sharp-interface model and phase- eld model (as described so
far) are at best incompletg the simulations seemto be missing somethingthat is
responsiblefor making sidebrantes.

The origin of sidebranding during dendritic growth is still an open question,and

it's possiblethat there is no unique medanism for sidebranting or that the med-
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anismsmight be systemdependert [2]]. In this chapter, | will brie°y discusstwo of
the most promising explanationsfor the generationof sidebrandes: 1) ampli cation
of thermal noiseand 2) dynamical tip oscillations. | will then descrite work done by
various groupsthat claimsto show how tip oscillationsand sidebranting can emerge
deterministically asa result of a competition betweencapillary and kinetic e®ects.|
will alsoreport on my own calculationswhich show that at least one of theseclaims

is incorrect.

6.2 Sidebranc hing from thermal noise

In noise-inducedsidebranting, small random perturbations initially localizedat the
tip of a needlecrystal are ampli ed and then propagateddown the sidesof the needle
crystal, thus generatingsidebrandies. In this scenario,the generationof sidebrantes
on di®eren sidesof the dendrite should be mostly uncorrelated. The rst calculation
of noise-inducedsidebrandiing in the context of dendritic growth was published by
Pieters and Langer [73] who studied the e®ectsof noisein a simpli ed boundary
layer model [74] of solidi cation. Similar studies were later done on needlecrystal
solutions of the two-dimensional sharp-interface model, both numerically [79 and
analytically [76]. The work cited above demonstratedthat very small time-dependen
perturbations near the tip of a dendrite can causesidebrandting, but it wasn't clear
whether thermal °uctuations were in fact a sutcient sourceof persistert noiseto
accourn for experimentally obsenedsidebranting. Langer[77] shavedin calculations
of three dimensional axisymmetric needle crystals (shapes that are appraoximately
paraboloids) that thermal noise was probably not strong enoughto be responsible
for the sidebrantiing amplitude found in the experimens of Huang and Glicksman
[8, 72]. More recerily, however, Brener and Temkin [78 did a calculation similar to

Langer's, but with non-axisymmetricneedlecrystals. They found that perturbations

43



are ampli ed faster along the \ ns" of non-axisymmetric needlecrystals and that
thermal °uctuations are of the right magnitude to accoun for the sidebranding
amplitude found in the experimerts. Other experimerts were performedwith xenon
dendrites by Bisang and Bilgram who comparedtheir data to the theory of Brener
and Temkin and found a good quartitativ e agreemen [5, 6]. Furthermore, Bisang
and Bilgram also reported that they did not obsene any dynamical tip oscillations
and concludedthat the sidebranding originated from thermal °uctuations.

Phase- eldsimulations of dendritic growth alsoseenmto be consisten with a noise-
induced sidebranting medanism. As mertioned earlier, fully corvergedsolutions of
the phase- eldmodel do not shav sidebranting behavior, but sidebranthesdo appear
whenthe interfaceis not properly resolvedandthereis excessie numerical noise(asin
Fig. 7.1). Recerly, Karma and Rappel deweloped a phase- eldmodel that accurately
incorporatesthermal °uctuations [79]. The solutions from this model are consister
with earlier studiesof noiseampli cation in needlecrystals, but simulations in three

dimensionsthat can be comparedwith experimerts have yet to be done.

6.3 Sidebranc hing from tip oscillations

There is strong evidencethat thermal noiseis a likely causeof sidebranding, but
that doesn't automatically rule out other metanisms. Another possibility is tip
oscillations nonlinearities in the equationsof motion can lead to a stable oscillat-
ing grownth mode which inducesregular sidebranding [21]. Unlike the noise-induced
scenario,tip oscillations should produce correlated sidebrantesthat have a spatial
separationrelated to the dynamics of the tip. Hydrodynamic analogsof dendritic
growth provide excellen examplesof oscillatory growth modesthat produceregular
correlatedsidebranting wherethe e®ectf noiseseemto be small [80, 81]. Unfortu-

nately, the experimertal evidencefor oscillationsin the tip speedor curvature during
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the free dendritic growth of pure materials is not so clear. The work of Bisang and
Bilgram on pure xenondendritesrules out tip oscillations[5, 6]. On the other hand,
recent microgravity experimerts by LaCombe et al. suggestthat there are tip oscil-
lations that are correlatedwith the sidebrandiing in PVA dendrites[13]. They claim
that the obsenred oscillationsare a result of a feedba& medanismwherethe thermal
“eld from the sidebrandesin®uencesthe speedof the tip which in turn generates
more sidebranties. The dynamics of this feedba& loop are not well understood.
Howe\er, there is a scenario(described in the next section) wheresud an oscillatory
interaction betweenthe dendritic tip and sidebrandiescan arisedeterministically, but

it's not clearthat it hasany relevanceto the oscillationsin PVA dendrites.

6.4 Comp etition between capillary and kinetic ef-
fects

An ingrediert that wasneglectedin the simulations preserted in the previouschapters
was the kinetic coexcient, () it wasincluded in the formulations of the models,
but it wasalways setto zerofor the simulations. When (1) = 0, we have \capillary
dendrites" with branchesthat always grow along the direction of minimum capillary
length, d(W). In the opposite caseof a purely \kinetic dendrite" with ~ () nonzero
and d(p) = 0, the branchesgrow in the direction of minimum kinetic coexcient. The
most interesting situation occurs when the anisotropy in the capillary length and
kinetic coetcient compete by favoring di®eent growth directions. In two dimensions
with a four-fold symmetry, that meansthe minima in the capillary length and the
kinetic coetcient are separatedby an angle of ¥#4.

Liu and Goldenfeld[82] studied the linear stability of needlecrystals within the
boundary layer model of solidi cation. They found that when the capillary and

kinetic e®ectswere competing, capillary needlecrystals were stable for small under-
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coolings and kinetic needlecrystals were stable for large undercolings. But for a
range of intermediate undercolings, both capillary and kinetic needlecrystals were
unstable to tip-splitting and sidebranding behavior. Ihle [83] discovered behavior
consisteh with these ndings in simulations of the sharp-interface model solved with
a front tracking algorithm. Ihle shaved that the transition region betweencapillary
and kinetic dendritesis characterizedby dendritic patterns which exhibit correlated
sidebranting aswell asstrong oscillationsin the tip speedand radius. Thusit seems
likely the competition betweencapillary and kinetic anisotropy can provide a setting
for a limit cycle where sidebrantes can induce perturbations in the tip which will

generatenew sidebrandes.

6.5 Tip oscillations in a phase- eld model

Ihle used a front tracking method [33, 83 to solwe the sharp-interface model and
study the competition betweencapillary and kinetic e®ects.As mertioned in section
2.3, solutions from front tracking methods tend to be noisy and it's not clear how
large a role numerical noiseplayed in the sidebranting activity in lhle's simulations.
In addition, the kinetic e®ectwasincludedin the model by using a relaxation scheme
which could introducearti cial dynamicsin the solution.

If tip oscillations can be obsened with a front tracking algorithm, a phase- eld
model should be able to produce them also. There are also advantagesto using a
phase- eldmodel: the solutions of the phase- eld model usually have lessnumerical
noise than front tracking solutions, and the kinetic e®ectis already included and
doesn't require any additional relaxation algorithm.

Salkagudi and Tokunaga[84] performed detailed studies of tip oscillationsin a
phase- eld model of dendritic growth. They obsened a transition from a stable

capillary needlecrystal (Fig. 6.1) to oscillating dendrites (Fig. 6.2) asthe amourt of
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Figure 6.1: Capillary needlecrystal at 2, = 0:07 asreported in [84].

Figure 6.2: Oscillating dendrite with sidebrantesat 2, = 0:08 as reported in [84].
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Figure 6.3: Oscillation amplitude of the temperature (measuredat y = 20 on the
solid-liquid interface) as a function of 2y, asreported in [84].
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anisotropy in the kinetic coexcient waschanged. The oscillation amplitude increased
continuously from zeroat a critical value of the kinetic anisotropy and they concluded
that the transition was a supercritical Hopf bifurcation (Fig. 6.3).

Although thesedata looked signi cant, there was evidencethat someof the simu-
lation parameterswerenot chosenappropriately for producing quartitativ ely accurate
phase- eldresults. The most obvious °aw wasin the small domain that was usedto
grow the dendrite§ one gure (as shown in Fig. 6.2) shaved sidebrantes growing
from the side of a dendrite and running into a boundary wall, which meansthat the
boundary conditions probably had a strong in°uence on the solution. A more subtle
but important point is that the choice of phase- eld parametersprobably causedthe
model to operate outside the range of validity for Karma and Rappel's asymptotic
analysis, which was the basisfor calculating the correspnding sharp-irterface pa-
rameters. Qualitativ ely, the simulations were doneat a high undercmwling (¢ = 0:7)
wherethe asymptotic results are generallynot accurate. Quartitativ ely, for the sim-
ulation showvn in Fig. 6.2, the tip speedwasV = 0:265, the di®usionconstant was
D = 2, and the interface width was W, = 1, which givesan interface P§clet number
IPe= W,V=D = 0:13. That's a very large value for IPe, which is the small parame-
ter in the asymptotic analysis. But even though the model was probably operating
outside the range of validity of the asymptotic analysis,it wasstill possiblethat the
results were qualitatively correct even if the speci ¢ valuesfor the sharp-irterface
guartities were not accurate. The small domain and boundary e®ectswere still a
concernthough.

| tried to reproducethe results of Salkagudi and Tokunagain order to seeif the
boundary e®ectswere actually an in°uence on the solution. | usedexactly the same
parametersand proceduresdetailed in Ref. [84] for surface tension dendrites and
solved the phase- eldmodel usingboth a xed grid code and an adaptive meshcode.

Surprisingly, neither code produced any obsenable tip oscillations or sidebranting
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Figure 6.4: Attempt to reproducethe needlecrystal in Fig. 6.1 for 2, = 0:07. The
solution in this "gure and the solution in Fig. 6.1 are qualitativ ely similar.

Figure 6.5: Failure to reproducethe oscillating dendrite in Fig. 6.2 for 2, = 0:08.
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for the ertire rangeof kinetic anisotropy studiedin [84], asshavn in Figs. 6.4and 6.5.
Even quartitativ ely, the solutions did not changesigni cantly for di®eren valuesof
kinetic anisotropy: the tip velocity wasessetially constart with avalueV = 0:43, as
were the interface temperaturesat the tip (u=j 0:15)and at y = 20 (u = j 0:033).
| alsorepeatedthe simulations in a larger squaredomain and found that the location
of the boundariesdid not have an e®ecton thesesolutions.

I informed one of the authors of Ref. [84] of my results and learned that there
was an error in their phase- eld model and that their published results were proba-
bly wrong [85]. It seemsthat the transition from surfacetension needlecrystals to
oscillating dendrites actually occursat much higher valuesof kinetic anisotropy [85]

than previously suggestedn [84].

6.6 Suggestions for investigating tip oscillations

Doing reliable numerical studies of tip oscillations is dixcult because,unlike the
steady-stateproblem, there are no good bendmarks for the correct solution. How-
ewer, the most reliable results on tip oscillations are the simulations of Ihle [83] and
any future attempts to study tip oscillations should start by verifying Ihle's results.
One way to do this is to try and incorporate kinetic e®ectsn a level set solution to
the sharp-interfacemodel, but | don't have any good ideason how to do this properly.
The alternative is to reproduce Ihle's results by using a phase- eld model. Unfortu-
nately, the parametersusedin lhle's work arein a kinetically dominated regimewith
small capillary lengths, and the results of Karma and Rappel's asymptotic analysis
are not valid in this limit. Howewer, Bragard et al. have deweloped a phase- eld
model that is designedfor kinetics-dominated growth [86]. The main limitation of
this model is that in order to be accuratethe interface width must be chosento be

very small, roughly on the order of the capillary length. A more recen phase- eld
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model for kinetics-dominatedgrowth was deweloped by Vetsigianand Goldenfeld[87]
which allows for a larger interface width, but the results have only beentested in
one-dimensionalsimulations and needto be extendedto higher dimensionsin order

to study anisotropic dendritic growth.
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Chapter 7

The cell dynamical system model

of solidi cation

7.1 The need for excien t modeling

In this chapter, | want to take a step away from single, isolated dendrites and start

thinking about modeling a situation that is slightly more realistic in the cortext of
metallurgy;j lots of dendrites growing simultaneously and interacting. But as soon
as the attention shifts to multiple dendrites, the phase- eld model and level set
method ceaseto be practical computational options. Even with single dendrites,
thesetechniquescan still be slow, esgecially when trying to simulate actual exper-
imental situations. Cornverged simulations of dendritic growth in three dimensions
in experimertally relevant regimesseemsto be at the limits of current computing
capability, even with adaptive numerical techniquesthat focusthe computational ef-
fort only on parts of the solution that changerapidly [51, 52 88{91]. Modeling large
domainsthat cortain more than one dendrite with thesetechniquesis still impracti-

cal. Making cortact with metallurgically relevant situations will require an excient

modeling technique that goesbeyond adaptive methods alone.

In an e®ortto simulate the growth of many dendritessimultaneously someezxcient
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models have emergedthat di®erfrom the traditional solutions of the phase- eldand
sharp-interface models. For example, Beltran-Sandez and Stefanescuused a two-
dimensional cellular automata model to study the simultaneous growth of multiple
solutal dendrites[92). Steinbad et al. could model up to 14 strongly interacting three-
dimensionaldendritic grains by using a stagnart- Im model in which the dendrites
are appraximated as envelopes which ewlve according an analytical solution that
dependson the local temperature [93]. Other more elaborate simulations of large
collections of dendrites in casting processeausually involve imposing sometype of
analytical steady-statesolution to ewlve simpli ed grain envelopes[94, 95|.

Unfortunately, many excient techniques are e®ectiely only ad hoc qualitative
represemations of dendritic growth dynamics. Thesemodels, by construction, do not
convergeto the sharp-inerface model and cannot reproduce steady-stateresults suth
assohability theory, but it's likely that this lack of corvergenceo the sharp-irterface
model isn't necessarilycritical in situations of metallurgical interest. It's ditcult,
howewer, to seeif any universalfeature of dendritic growth is captured accuratelyin
thesead hoc modelsor if thesemodelsare even in the sameuniversality classasreal
dendritic growth without making somecomparisonto the corvertional formulations
of solidi cation.

Of courseit's possiblethat atruly excient model of dendritic growth cannot stay
excient if it also needsto make contact with the sharp-interface model. But is it
possibleto dewelop an excient model of dendritic growth that also makes contact

with the standard models? That's the questionl want to addressin this chapter.

7.2 The cell dynamical system: CDS

The traditional approad of solving the phase- eld equationsor the sharp-irterface

model on a computer usually requiresdiscretizing the corntinuum partial di®erenial
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equations (PDEs) that describe the phenomena. The discrete chunks of spaceand
time must be chosensmall enoughsothat the numerical schemeis stable. In addition,
if onewishesto know an accurateapproximation to the solution of the original PDE,
it's necessaryto choosevery many and very small time and spatial stepsto approat
the comtinuum limit. In other words, solving discretized PDEs can be slov and
inexcient.

The cell dynamical system(CDS) approad is di®eren;j it doesnot start by dis-
cretizing a cortinuum PDE description of the phenomena.instead, the goalis to start
with a discrete description of the dynamics. The systemof interest can be modeled
as a lattice made of coupled discrete cells and the states of the lattice at di®erer
times are related by deterministic injective maps[96{99] which, by construction, are
more stable than discretized PDEs.

CDS models were rst proposedby Oono and Puri [96, 97] as an excient way
to model phase-orderingdynamics. Oono and Puri successfullyused this method
to study phase-separationdynamics in two dimensions[98]. Later, Shinozakiand
Oono used CDS models to study spinodal decompsition in three dimensions[99].
Mondello and Goldenfeldusedthe CDS approad to study the dynamics of systems
with a continuous symmetry [100102]. Liu and Goldenfeldalso deweloped a simple
and excient CDS model to study the genericfeaturesof late stagecrystal growth in
two dimensions[103. Here, I'll descrike a di®eren CDS model* for solidi cation that

is closelyrelated to the phase- eldformulation of solidi cation.

7.3 A CDS model for solidi cation

As in the phase- eld model, the solid-liquid systemwill be descriked by an order

parameter A (which varies cortinuously between A = +1 in the solid phase and

1The CDS model described in this chapter is similar to an unpublished model developed by Y.

Oono.
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A = j 1in the liquid phase), and the usual temperature “eld u. In cortrast to
the phase- eld model, thesevariablesare discretein spaceand time. If we consider
the system as discrete cells living on a squarelattice, the spatial location of eah
cell is given by the discrete variablesi and j, which correspnd to the usual x and
y coordinates. The discretetime will be denoted by the variable n. So the order
parameter for the cell at location (i; j) on the lattice at time n will be noted as A{}j
and the temperature for that cell will be u}; .

Now we needto de ne the discrete mapsthat cortrol the dynamicsof A and u.
First, let's deal with the map for A which has two ingredierts: 1) an injective map
that prescribesthe dynamics of a single cell and 2) di®usiwe coupling between the

cells.

7.3.1 Map for single cell dynamics

The purposeof the single cell map is to calculate a new value of A for the cell based
on the value of A in the cell at the previous time. This map is analogousto the
double well potential term in the phase- eld model. Using the free energyform of
the phase- eld model as a guide, we know that the dynamics of A should have two
stable xed points A= § 1 which correspnd to the solid and liquid phases,and one
unstable xed point that dependson the temperature and determineswhich phaseis

physically metastable. A piece-wisdinear map that hasthesepropertiesis given by

, - a__
m(Ai ,u= 1+ (u)?)+,u= 1+ (u)? @ A <A<A

8
% Li ®mj 1)A+1)i 1 : j1- A A
MCDS(A;,U):E

@i ®mi DJA; 1)+1 : A A +1
(7.1)

, q — —— , qg —— —
where A = (u= 1+ (L,u)?j =1+ ® andA" = (,u= 1+ (u)2+ ®=1+ ®).
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In the map above, A = AT;‘J- and the subscriptsi; j and the superscript n have been
omitted for clarity. This single cell map consistsof three lines, ead onepivoting at a
di®eren point: A= 1,A= ,u=q 1+ (u)2, and A= +1. The slopesof the linesare
determinedby m. The parameter® cortrols the sensitivity to m of the slopesof the

lines xed at A= § 1., cortrols the coupling betweenA and u. The mostimportant

property of this singlecell mapis that it is purely injectivej aslongas®< 1=(mj 1)
and A 2 [j 1; 1], this map returns new valuesof A that always move monotonically

toward the stable xed points.

7.3.2 Coupling between discrete cells

Coupling betweenthe di®eren cellsis accomplishedhrough di®usion,which is analo-
gousto the Laplacianterm in the phase- eldmodel. In the cortext of CDS modeling,
the changein A in a cell due to di®usive coupling is proportional to the di®erence
betweenthe averageof A in neigtboring cells and the value of A within the cell [97].
As in Ref. [99, the averageof A in the cellsneigtboring the cell at site (i; j ) and time
n is noted by htAY; ii and de'ned as

hHY, i = é A 1i2 X (7.2)

[NN]J [NNN]

where[N N] and [N N N] stand for nearest-neigbors and next-nearest-neigbors re-

spectively. On a squarelattice, the di®usiwe cortribution to the changein A is pro-

portional to
hiG i i Ay = G g+ A+ Al + A0 (7.3)
1 . . o
+ E(A‘ni 1j+1 + A‘n+1 J+1 + A‘n+1 dil + Aini 1iji 1)
[ Anj
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Equation 7.4 is the discrete \isotropic Laplacian” that is optimally isotropic on a
squarelattice [99, 104.
The completediscretemap for the ewlution of A is given by the sum of the single

cell map and the cortribution from di®usion:
At = Mcps(A) 5 ,ufl) + Peos[hiii j Al ] (7.4)

Pcps is an e®ectie di®usionconstart for the A variable.

7.3.3 Equation for the thermal eld

The discretemap for u is identical to a discrete version of the thermal equation for

the phase- eldmodel, but the isotropic Laplacian will be usedhere:

+ . 1 ... ]
u:?j t= uir;]j + DCDS[hmir;]j I uir;]j]+ E(An] o Anj) (7.5)

Dcps is an e®ectie di®usionconstart for u and the secondterm on the right hand
side of the equation accouris for the liberation of latent heat by measuringchanges

in A
7.4 Relationship betweenthe CDS and phase- eld

mo del

One problemin trying to dewelop excient methods for crystal growth is trying to un-
derstandhow the excient model is related to the standard models, suc asthe sharp-
interfacemodel or phase- eldmodel. The CDS model de ned by Egs. (7.4) and (7.5)

can (after including anisotropy) generatefully dewveloped dendritic microstructures
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Figure 7.1: An exampleof a simulated dendrite madewith a CDS model.
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very quickly on a personalcomputer; the pattern Fig. 7.1 took lessthan 30 seconds
to createon a PC. Unfortunately, it's not clear exactly what's being simulated. Be-
causeezxcient models of dendritic growth typically don't corvergeto the standard
modelsthat they are supposedto mimic, it's usually dixcult to cortrol or estimate
the material parametersthat are being simulated.

It turns out that a correspndencecan be made betweena variation of the above
CDS model and the cornvertional phase- eld model. It's important to note that
making this correspndenceis not necessarilyessetialj the ultimate goal of CDS
modeling is to capture exciently the qualitatively accurate universal features of a
phenomenanot to obtain solutionscorrespndingto convertional PDE formulations.
But in this case,it's usefulto demonstratethat the CDS model is a more faithful
represemation of dendritic growth than the ad hoc methods usually found in the
literature.

It's necessaryto look at a discrete form of the phase- eld equationsin order to
make a comparisonwith the CDS model. The isotropic form of the phase- eldmodel
will be usedherefor simplicity and without lossof generality. The discreteforms of

Egs. (3.3) and (3.4) in an explicit shhemecan be written as

el s ¢t < ow L 3wt o
A= A+ _g,(i FA(A) i Ui ga(Ay)) + W[hlﬂ\-’h i i Al (7.6)
. et 1.
Uit = U+ g T U T SOATT A (7.7)

wherethe discretetime stepis ¢ t and the lattice spacingis ¢ x. The form h(A) = A
was usedin Eqg. (3.4) and the discretized Laplacians have beenwritten in terms of
the isotropic discrete Laplacian usedin the CDS model to make the correspndence

to the phase- eld model more obvious.
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The isotropic Laplacian in the CDS model can be understood in terms of the
standard nite di®erencemethod usedto discretizeLaplacians. The standard discrete
Laplacian usesonly nearestneighbor lattice points:

) AN+ AL+ AN+ AL 4AD
r ’2\INAI"1] ¢ AI L A!J +1 '2‘;‘(12,] Al,] il | A,j (78)

But the discreteLaplacian can alsobe calculatedin a similar way using next nearest

neighbors:

Al i+t Al q+l +nA'n+l pia” Al 11l 4’6\%
(" 2¢x)2

rinn A (7.9)

If we usethe averageof thesetwo discrete Laplacians as our discretization of the

original cortinuum Laplacian, the result is
24 - 1 2 AN 2 AN\ — 3 AN &7 - AN
reAj! é(r NnAY T NNA) = W[h“\;j i Ayl (7.10)

which is proportional to the isotropic Laplacian. Equation (7.10) also givesan intu-
itiv e feel for the origin of the isotropic Laplacian.
Now it's possibleto make the corresppndencebetween the discrete phase- eld

model and the CDS model. If we make the following substitutions in Egs. (7.6) and

7.7)
3waet
¢ ch', i ! PCDS (711)
3DCt
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Ay + LG TR | UgA()) 1! Meos(A) 1) (7.13)

then we recover Egs. (7.4) and (7.5). The CDS model looks idertical to a discrete
phase- eldmodelj the only interesting substitution is the single cell map that essen-
tially replacesthe double well potertial of the phase- eld model. But this replace-
mert is signi cant, becauset's the only reasonthe CDS model is stable for largetime
steps: the single cell map is designedto be purely injectivej the \phase- eld map"
doesnot have this feature. For example,with the usual choicesf 4(A) = A3 A and
ga(A) = (1i A??, the \phase-eld map" on the left hand side of the arrow in Eq.

(7.13) becomeson-injective for ¢ t=¢ > 1=2.

7.5 Relationship between the CDS and

sharp-in terface model: asymptotic analysis for

the CDS model

Within the corntext of the universaldynamicsof phase- eldmodelsdiscussedn Chap-
ter 4, the CDS single cell map can be interpreted as one form of a free energyfunc-
tion. The piece-wiselinear CDS map is not a simple smooth polynomial like the
forms studied in Chapter 4, but it would be interesting to seeif it's possibleto nd
the relationship betweenthis CDS model and the sharp-interface model by using the
asymptotics of Karma and Rappel.

In order to calculatethe relationship betweenthe CDS parametersand the sharp-
interface model, we needto know the functions f 4(A), ga(A), and h(A). It's easyto
identify h(A) = A, becausehe thermal equationsfor the CDS and phase-"eldmodels
areidentical. In orderto idertify the other functions, it's necessaryto write the CDS

map in a di®eren form to make it look like the \phase- eld map":
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Mprw (ALu) = A+ T(i faA) i ,uga(A) (7.14)

The “rst stepis to rewrite the CDS map as A plus other terms:

Mcos(Aj,u) = A+ (mj 1)

8
% i @A+1) : j1- A A
éi(i A | ,u=qm . A < A< A+ (7.15)

i &Aj 1) @ A" A- +1
. . 49— .
Now it lookslike the factor ,u= 1+ (,u)? needsto be replacedwith ,u. Although
this substitution can be a reasonableappraximation for small valuesof ,u , the point
hereis that we have to resort to a slightly di®eren CDS map becauseMpgy only

hasterms that arelinearin ,u. Sothe CDS map | will usenow is

i ®@A+1) : j1- A u®

1+®
MEBS (ALu)=A+(Mi DG A u  YE<A< e (716)

TV AR 00

i ®Aj 1) : 48 AL 41

1+®

In addition to the restriction ® < 1=(mj 1), this new map needsthe additional
restriction j,uj < 1in orderto remain injective.

Comparing Egs. (7.14) and (7.16) and identifying the factor (m i 1) in M [ear
with ¢ t=¢ in Mpgyw, we canidentify the functions f 4(A), ga(A), and h(A) necessary

for Karma and Rappel's asymptotics:

8
% ®A+1) : j1- A. i8

fA(A)Z% i A d8 <A< & (7.17)
> ®Aj 1) = A+
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8
% 0: i1 A i®
QA(A):§ 1: 12<A< 2 (7.18)
~ 0 - AL+l
h(A) = A (7.19)

Now that thesefunctions are known, the CDS model can be treated in exactly the
sameway as a phase- eld model. The constarts that relate the CDS (or phase- eld
parameters)and the sharp-inerface parametersare calculatedasdescriked in section

3.2. First, we needthe solution to Eq. (3.16) which is

8
§1i8®(“+):'_i'n

(1+ ?CS(';E l) TR IR (7.20)

e®(').

A() =

where” o = arctan(p ®). The constarts de ned in Egs. (3.12)-(3.15)are found to be

p_
. ® , 1 L1

. P~

3 ® " ®
T 1+ ®2co3( ) 1+ ® (7.22)

W
J= 1+ ® (7.23)
i ® I -] . I ] H s a s a

(% 2sin(" ") + sin(" ) cog" %)) (7.24)

T @+ ®2co3( o)

for this CDS model. Oncethe parameter® is chosen,the constarts a; and a, canbe

calculated using Egs. (3.10) and (3.11).
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7.6 Testing the asymptotics for the CDS model

| comparedthe dynamics of a standard phase- eld model (Model 2 in Table 4.1)
with the dynamicsof a CDS model with a single cell map de ned by Eq. (7.16). In
practice, the CDS model was solved numerically just like a phase- eldmodel by using
Eq. (7.16) in place of its phase- eld courterpart (the rst term in squarebrackets
in Eq. (7.6)). The full anisotropic phase- eld model equationsgiven by Egs. (3.6)
and (3.7) are being solved here and, for the purposesof this section,the CDS model
should be thought of as just another phase- eldmodel. The value ® = 1:0 was used
in the map in Eq. (7.16) and after calculating the constaris in Eqs. (7.21)-(7.24),
Egs. (3.10) and (3.11) give the valuesa; = 0:8927and a, = 0:64 for this CDS model.
The phase- eldand CDS parameters, and ¢, were chosenfor eadn model by using
Egs. (3.17)and (3.18) sothat both modelssimulated the samesharp-interfacemodel.
For all of the simulations, 2 = 0:05, , = 0, and W, = 1. The simulations preseried
in this sectionfollow the samemethods as discussedn section4.5. The simulation

parametersoutlined in Table 7.1 are alsode ned in section4.5.

Table 7.1: Summary of simulation parameters.
¢ L R, ¢x ¢t D d

0.45 1000 17 0.244 0.010 3 0.5
0.55 800 15 0.39 0.016 1.0 1.0

As shawn in Figs. 7.2 and 7.3, the phase- eld model and CDS model produce
identical results when they are both chosento simulate the same sharp-interface
model. Theseresultsshow that the asymptotic analysisis valid for the linear-,.u map
in Eq. (7.16). Howewer the more useful form of the CDS model is the nonlinear-
.,u map in Eqg. (7.15). Surprisingly, if the parametersfrom the asymptotic analysis

of the linear-.u map are naively usedfor the nonlinear-u map, the solutions are
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Figure 7.2: Tip v_elocities as a function of time for the phase- eldmap Mpgy and

the CDS maps M{%&" and M¢ps for ¢ = 0:45. All three maps produce idertical

results.
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indistinguishable, at leastfor the casegresetted here. This result is puzzling because
.u is not smallin thesesimulations. The validity of the linear- u asymptoticsfor the

nonlinear-u mapis very likely to break down somewhereput exactly whenand how

this happenshasnot beenexploredfully here. One possibleexplanation is that the

phase- eldis essetially constart in the bulk and only ewlvesnear the interface, so

evenif ,u islargein the undercoledliquid (j , ¢), nearthe interfacethe temperature

u tendstoward zero,and that may be may be enoughto keepthe nonlinear-u map

in the linear-,u limit in placeswherethe phase- eldactually changes.

The resultsin this sectionshaw that a piece-wisdinear CDS map can reproduce
the dynamicsof the sharp-interface model in the sameway a phase- eld model can.
This work is also another demonstration of universaldynamicsin phase- eld models
(or CDS models) and shaws that thermodynamically consistet phase- eld models

are not necessaryand that smaoth polynomial functions are not necessaryeither.

7.7 Is this CDS model useful for studying den-
dritic growth?

The CDS has demonstrated its ability to produce results idertical to phase- eld
models and consequetly the sharp-interface model. But all of the CDS work so far
hasbeendonewith very ne spatial and temporal resolution. The utilit y of the CDS
lies in the fact that the stability of the CDS map allows one to usethe model on
very coarse lattices. Fast CDS simulations on coarsemeshescan certainly be done,
asshowvn in Fig. 7.1. Howewer there are many complicationsthat limit the utilit y of
the CDS whenthe spatial and temporal discretization are coarsened.

The rst issueis grid anisotropy. Most of the systemsthat have been studied
successfullywith the CDS technique wereisotropic and the numerical schemesin the

CDS weredesignedo presenethe isotropy of the system. Modeling dendritic growth
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is fundamertally di®eren;j the solutions are extremely sensitive to the amourt of
anisotropy presen in either the capillary length or the kinetic term and it's necessary
to introduce the anisotropy in a carefully cortrolled way. Solving the CDS on a
squarelattice introducesan arti cial anisotropy that is more pronouncedasthe grid
is coarsened. If the simulated dendrites have their crystal axesoriented in a way
that is not alignedwith the computational lattice (which is necessarywhen modeling
many dendrites at once),and the grid anisotropy is large, then the solutions will be
incorrect.

Another issueis numerical noise. The typical quartities that are measuredin
studiesof dendritic growth actually need ne resolutionto be meaningful. As the res-
olution is coarsenedthe solutions get noisierand measuremets of the tip speedand
tip radius and other quartities becomenoisy and inaccurate. Furthermore, numerical
noisealsochangeshe qualitative nature of the solution; well resohed simulations pro-
duce needlecrystals but coarsersimulations produce sidebranding dendrites which
may have spuriousoscillatory behavior on top of a noisy solution.

Lastly, there is little understandingof how the results of the asymptotics change
asthe grid is coarsenedalthough there hasbeensomework doneto addressthis issue
[46). It may be possibleto do measuremets to extract e®ectcapillary lengths and
kinetic coexcients from ead simulation, but this approad is impractical. Conceptu-
ally, this approat wouldn't be usefulbecauset always requiressomeknown solution
asa bendimark, which may not exist, particularly in studiesof time-dependen phe-
nomena. Thus, an excient CDS model on a coarselattice producessolutions that
are not corvergedby de nition and it would be impossibleto tell what the simulated
material parametersare or if the solution actually correspndsto the sharp-inerface
model at all.

For all of the reasonsabove, the utilit y of a CDS model operating exciently on a

coarselattice seemso be limited. But most of the examplesl cited above assumed
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that the interest wasin calculating the convertional quartities that require detailed
measuremets, sud asthe tip radiusor tip velocity. It's possiblethat anexcient CDS
can measurelesssensitive quartities that are universal,which is the true goal of CDS
modeling. Unfortunately, in cortrast to examplesin phase-separatiordynamics[96{
99, there are no obvious universalfeaturesto measurein dendritic growth. If there
is somethingin dendritic growth that can be measuredezciently with a CDS, it's
probably a quartity that doesn't depend explicitly on details sud asthe tip radius
or speed possible candidatesinclude fractal dimension or morphology transitions
[18 103. It may ewven be possibleto chedk dynamical scalingin dendritic shapes

[109 if the solutions are not too noisy:.
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Chapter 8

Conclusions

In this dissertation, | shoved that a variety of computational methods can be used
to perform quartitativ ely accuratetime-dependen simulations of the sharp-irterface
model of dendritic crystal growth. Herel would like to summarizethe strengthsand
limitations of ead method usedin my work and how thesedi®eren techniquescan
complememn one another in future studiesof dendritic growth.

Phase- eld models provide a computationally corveniert way of reproducing the
dynamicsof the sharp-interface model without the numerical hazardsof front track-
ing. The steady-statedynamicsof phase- eldmodelsarein good agreemeh with the
the predictions of microscopicsohability theory but only when the models are oper-
ating within the range of validity of the asymptotic analysisusedto relate them to
the sharp-interfacemodel. When usedproperly, all phase- eldmodelsproduceidenti-
cal transiert and steady-statedynamics. Furthermore, the corvergenceof phase- eld
modelsto the sharp-irterface model doesn't require speci ¢ functional forms for the
equations,i.e. thermodynamically consisteth models.

The level set method is a di®eren technique that can be usedto solwe the sharp-
interface model directly. Unlike phase- eld models, the level set method doesn't
require an asymptotic analysisto obtain the model parametersand can also handle

discortinuous material properties easily | deweloped an improved algorithm for cal-
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culating the velocity eld requiredin the level set method which allowed us to obtain
results that were accurate enoughto comparewith sohability theory. One of the
most important results of this work was the demonstration that phase- eld models
and the level set method produce identical solutions of the sharp-interface model,
which is strong evidencethat thesedi®eren methods are reliable techniques.

Progressingfrom the veri cation of steady-statetheoriesto modeling true time-
dependent phenomena,sud as dendritic sidebranting or tip oscillations, will also
require the comparisonof a variety of computational techniques. Unlike the steady-
state case,known solutionsthat can be usedasbendmarks for time-dependen phe-
nomenaare rare, which makesit ditcult to do conclusiwe simulations while relying
on one method alone. For example, a front tracking method was used study tip
oscillationsin the sharp-interface model. But thesesolutions may cortain spurious
sidebranding due to numerical noiseor an arti cial kinetic e®ectand have yet to be
veri ed by any other method. My own work demonstratedthat claims of tip oscilla-
tions in a phase- eld model were incorrect. Careful chedks must be madeto ensure
that the obsened phenomenaaren't numerical artifacts or outright mistakes. In the
absenceof any other theoretical bendimarks, comparative studiesof di®eren models
are essetial for validating numerical simulations of time-dependert phenomenain
dendritic growth.

| alsodescriteda CDS model of dendritic growth that canberelatedto phase- eld
modelsaswell asthe sharp-interface model. Additional work needsto be doneto see
if this CDS model can capture exciently any universalfeaturesof dendritic growth.
Howeer, the original motivation for deweloping the CDS model wasto study many
dendrites growing simultaneously in hopes of making cortact with metallurgically
relevant situations and material properties. In this case,t seemdhat trying to model
details on the scaleof individual dendritesis actually the wrong level of description

to use, especially when there are large collections of interacting dendrites. A more
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useful direction will be the study of the statistical properties of grain distributions
which are largely determinedby the nucleationthat occursin the systemrather than

the ner details of the dendritic crystals.
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